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Abstract. We present low-temperature uanspon measurements on the two-dimensional electron 
gas in 8-doped GaAs which undergoes an insulatorquantum Hall-insulator vansition as the 
magnetic field is increased. Both low- and high-field vansitions are marked by pe& in ox, 
and Lhe temperahlre-independent critical value of oxy of 0.5ez/h per spin. We map out the 
phase diagram versus disorder and magnetic field and study the t e m p e m  dependence of ox* 
throughout. In the quantum Hall region we observe Molt variable range hopping and, around 
the high-field transitions, s d i g  via a single parameter: z = (S - B')T-"'. The functional 
dependence on L above this transition is fitted by recent network percolation calculations. 

The transport properties of a two-dimensional electron gas (2DEG) continue to attract much 
interest both experimentally and theoretically. In particular, the simultaneous presence of 
both disorder and a strong magnetic field leads to a rich variety of phenomena of which 
probably the most vivid is the quantum Hall effect [I]. 

The theoretical phase diagram 12.31 for the integral quantum Hall effect, showing the 
stable T = 0 phases as a function of disorder and perpendicular magnetic field B .  is shown 
in figure l(a). Starting from the insulator at B = 0 with some fixed level of disorder, it is 
possible to observe a sequence of transitions from insulator through various quantum Hall 
liquids and then back to the insulator by increasing the perpendicular magnetic field. In 
the simplest picture of the quantum Hall effect, each transition, characterized by a peak 
in U= and a step in uxy, is a consequence of the extended states at a Landau level centre 
passing through the Fermi energy. The quantum Hall index sry, which counts the number 
of energies below the Fermi level at which extended states exist, decreases hy one at each 
transition until the insulator (sV = 0) is reached. However, since all states are localized at 
zero magnetic field, a series of 'delocalization' transitions is required at low fields in which 
extended levels pass downwards through the Fermi energy and s,, is incremented. The first 
theory [2]  for this sequence of transitions, based on two-parameter scaling [4], proposed a 
simple interpolation formula to describe how extended states shift in energy with magnetic 
field. In this model, as the magnetic field rises, extended states sink in energy and cross the 
Fermi level until the point is reached where disorder-broadened Landau levels become well 
resolved. As the magnetic field is further increased, the extended states sit at Landau level 
centra and rise in energy, eventually recrossing the Fermi level. More recently this phase 

0953-8984/94n54763t08$19.50 @ 1994 IOP Publishing Ltd 4163 



4764 R J F Hughes et a1 

s.y=o insulator _...' 

0 ,,_.__... .'. 

p$ (units of h/e 2 ) 

Figure 1. (a) Theoretical phase diagram [31 (micro- 
scopic disordcr versus classical Hall resistance p:, n 
E )  for the integral quantum Hall effeu. The dotled line 
shows schematically the path followed in our experi- 
ment. (b) Experimental phase diagram showing the top 
section of  the sIy = 1 e 0 phase boundW. The dotted 
construction lines are the device magnetoresistivities at 
T - 100 K in gate voltage steps of 0 . l V  , 

diagram has been reproduced and extended by a global theory [3] which is also applicable 
to the fractional quantum Hall effect. 

Experimentally, no low-field Eansitions were observed until recently [5] since in high- 
mobility devices the states are only weakly localized at low magnetic fields and transport is 
diffusive. Support for the global phase diagram [31 does exist in the fractional regime [6,7] 
while evidence inconsistent with it has been obtained from low density silicon devices [8]. 
The first part of this paper reports measurements on low-mobility devices which enable us 
to map the sxy = 1 U 0 phase boundary in detail and examine the critical behaviour of the 
conductivity at the bansition. 

In the second part we examine the finite-temperature properties of such a 2DEC where 
most previous experiments have concentrated on the conductivity only at Shubnikov-de 
Haas (SdH) minima. Here various authors have found simple activation [9], Coulomb-gap- 
induced TI/' variable-range hopping (VRH) [IO, 121 or Mott's VRH [11,5]. In the 
critical region it is not clear whether the conductivity should show activated [ 121 or quasi- 
metallic [ 13,141 behaviour. Our study of the temperature dependence of the conductivity 
over a wide range of magnetic fields answers some of these questions. We find that in the 
quantum Hall phase, everywhere except for the critical regions, the conductivity fits Mott's 
VRH formula. Around the upper critical magnetic field we find that u,,(B. T) obeys a one- 
parameter scaling law which agrees with calculations [U] based on a quantum percolation 
network model. 

We now discuss in detail our experimental set-up and results. The devices used in this 
study were fabricated from MBE-grown &doped GaAs wafers. An n-type Si-doped plane was 
incorporated into a 0.55 p m  thick undoped GaAs film to form a deep potential well in which 
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the ZDEG is confined close to the ionized donors and is therefore highly disordered. Three 
different wafers have shown similar behaviour but the detailed measurements described 
below were carried out on just one wafer for which the carrier density was 4 x IO" 
in a layer 0.3 p m  below the surface. Wet etching was used to define rectangular Hall 
bars of width 80 pm with voltage probes spaced 640 pm apart. Control over the carrier 
concentration, and thereby also the screening and effective disorder, was provided by 
application of a voltage to a surface nichrome-gold Schottky gate. Transport measurements 
were carried out at temperatures between 50 mK and 1 K in a dilution refrigerator using 
standard nc lock-in techniques. The four-terminal longitudinal and Hall resistivities pxx 
and pxy were measured simultaneously using an excitation voltage of IO pV or less at a 
frequency of 14.5 Hz. By comparing measurements on samples with different aspect ratios, 
we have checked that the resistivity (not the resistance) is the critical quantity close to the 
transitions. 
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0 
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Figure 7.. Solid curves: a;, at T = 50, 90, 175, 
215. 250, 445, 580, 795, 915 and 1020 mK and 
VSe = -0.2 V. Dashed ewes:  oxy at T = 50, 
445 and I020 mK. Vertical dated lines mark the 
critical magnetic fields 86, and Biz, seqaming the 
quantnm Hall region (2) from the insulaung regions 
(1) and (3). 

When the magnetic field is swept at a set of different temperatures, pxx exhibits two 
temperature-independent crossing points, similar to the results of Jiang et a1 [5], between 
which pxy is close to its plateau value (figure 2). Figure 3 shows the conductivity 
components ux, and uxy. obtained by inverting the resistivity tensor, at a gate voltage 
of -0.2 V. Two clear transitions are observed where the temperature dependences of uzy 
(and pxx)  change sign at critical magnetic fields Bh, and B& and the curves cross at a point. 
The regions labelled (1) and (3) are insulating, with ux, + 0 and uzy + 0 as T + 0. 
Region (2) is the filling factor two quantum Hall state, with uxx --f 0 and uxy + 2ez/h as 
T + 0, corresponding to a partially filled lowest Landau level with spin degeneracy two. 
The Landau level is not strictly degenerate in the sense gpBB < kT but we cannot resolve 
the spin splitting because it is much smaller than the disorder broadening. The extra peak 
predicted [Z] for uzx is at 7.0 T and coincides with an upward step to a plateau in uzy. 

Although our data, like those of Jiang et a1 [5], display quite sharp crossing points in 
pxx, we believe that uXy, which also shows temperatureindependent points, is the more 
important quantity. In the scaling theory of the quantum Hall effect [4], values of uxy that 
are half integral multiples of e 2 / h  (per spin) behave as fixed points under renormalization. 
This is an assumption in the theory of Khmelnitskii [2] which our experiment clearly 
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corroborates at both transitions. In the same temnerature ranee. on the other hand. 0.. 

e 2 / h .  Given the good agreement between theoretical expectations and the experimental 
values of the conductivity components at the transitions, it is reasonable to explain the 
virtual temperature independence of pxx as coincidence specific to the nansition between 
filling factors zero and two. This follows from matrix inversion assuming uxy N_ a;, with 
U,, varying only weakly. Although our data do not show this, we would not necessarily 
expect temperature-independent behaviour for pzx at transitions between other filling factors 
where 0;y # uzx '5 e 2 / h .  

Curves like those in figures 2 and 3 correspond to a slice through the phase diagram 
along something like the trajectory shown as a dotted line in figure ](a). Repeating the 
measurement for different levels of disorder by adjusting the gate voltage, we can shift the 
critical magnetic fields and so map out an experimental phase diagram. As the gate voltage 
is made increasingly negative, the width of the quantum Hall region diminishes until at 
-0.385 V it just vanishes. There is still a pronounced minimum in p,,(B) and a weak 
plateau in p, , (B)  at more negative gate voltages, where the device is always insulating, 
presumably due to critical quantum-Hall-like fluctuations that persist into the insulating 
phase. 

Our experimental phase diagram is plotted in figure I(b). In reality the disorder cannot 
be expected to remain constant with magnetic field wavefunction shrinkage will increase 
the effective disorder at high magnetic fields, hence the upward curve to the dotted tmjectory 
in figure l(a). This variation we determined empirically from the device magnetoresistivity 
measured at a high temperature and used to calibrate the disorder axis in figure 1@) (dotted 
construction lines). The theories 12.31 parametrize disorder via a Drudetype conductivity on 
a microscopic length scale of the order of the magnetic length and the nearest experimental 
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analogue is the high-temperature (classical) resistance which is determined on the scale of 
the inelastic length. The aim is to make our phase diagram as independent as possible of 
sample-dependent microscopic details although we have neglected the small (15%) change 
in canier concentration which occurs in our experiment. The high temperature we have used, 
T - 100 K, may introduce complications in that new mechanisms could affect the transport 
but, in any case, our measure of disorder increases monotonically with negative gate voltage 
and with magnetic field and therefore cannot alter the topology of the sIY = 1 U 0 boundary 
which is seen to be as theoretically predicted f2.31. 

Turning now to the finite-tempemture behaviour of U,,, throughout the entire magnetic 
field range our data, within the experimental error, fits the XI Mott hopping formula: 
U= = uoexp-(To/T)'fi where 00 is assumed constant and TO 0: l/f2, 6 being the 
localization length. The range over which uzz varies is too small (an order of magnitude 
or less) to clearly distinguish between the Mott law and the EfrooShklovskii law, which 
has exponent 1 However, in the quantum Hall regions at low disorders, where U,, varies 
most, several pieces of evidence combine to favour the Mott formula Firstly, in this region 
we can fit the data allowing the power in the hopping formula to vary freely as well as 
a0 (assumed temperature independent) and TO, and find it to be 0.32 f 0.02. The error 
describes the scatter in fits taken at different magnetic fields throughout the central 70% of 
the quantum Hall region where the uxx variation is sufficiently great. One might expect 
this value to be affected by any possible temperature dependence of the prefactor uo but 
the independence of  the exponent on magnetic field is reassuring. The value obtained for 
uo also remains fairly constant at a reasonable value of about e2 /h .  The T1I3 law fit also 
gives the correct localization length exponent near the transition: according to theory and 
experiment 1161, f diverges as f - IB - B'I-" near the centre of a disorder-broadened 
Landau level with v N 2.3. From fits assuming the T'fi  law we find near the aansitions 
but not so close that hopping breaks down, that - IB - B* 1' with x = 5 + 1. This agrees 
with TO (x I/c2 in the Mod equation which implies x = 2u = 4.7. If we cany out the same 
procedure for fits assuming the T i l 2  law we obtain approximately the same experimental 
value for x but, since the Efrodhklovskii law has To (x 1/f, the theoretical expectation 
would be x = U = 2.3. Finally, the TI/' law fitted to our data gives unphysical localization 
lengths, seater than the sample size. Mott T i p  hopping is rarely observed in measurements 
taken at pzS minima; a Coulomb-gapinduced Ti l2  dependence is more common. However, 
our fits yield hopping lengths which are unusually large, greater than the separation between 
gate metal and 2DEG. The explanation for T1j3 behaviour may therefore be that the gate is 
effective at screening the hopping charges and the Coulomb gap in the density of states is 
removed. 

Next we consider the conductivity in the critical region around €46,. where the 
temperature dependence is too weak to distinguish between alternative possible forms for 
u,,(T). Here it is predicted [13] that the hamport is quasimetallic once the localization 
length is greater than the inelastic length and can be described as a function of a single 
parameter, z = ( B  - B*)T-", where p is a critical exponent. Our experimental uzy curves 
do indeed collapse onto universal functions of z for p = 0.45 f 0.05 while for U,,, due 
to a slight temperature dependence even at the transition, the scaling is worse (figure 4 
inset). Previous experiments [17-191, focusing on the half-width of the pxx peal( and the 
derivatives of the Hall resistivity, d(c)px,/dB("), half-way between plateaux, have obtained 
a range of values for p. Our result is consistent with the value p = 0.43 = 3/7 [171 
explained by various theories [13.14,20]. 

For B =- B&, the scaling of uxxr is good over the whole height of the peak and, 
moreover, is quantitatively well described by the scaling function [I51 calculated for a 

2: 
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Figure 4. Besl fits to the scaling results [IS] 
(squares) for o; , (B)  a! T = 50 mK. The three 
coinciding curves are for B > E$, 31 V,, = 
-0.2 V (solid), -0.1 V (dashed) and 0.0 V (dot- 
dashed) after scaling o;.(mar) to 0.5e2/h. The 
dotted curve is for B c Bfi,  at -0.2 V. Inset: 
the conductivity versus ( B  - Bft,)T-0.43 around 

14.6 T at Vgaw = -0.1 V for seven 
rempratures between 0.2 K and 1 K. 
Bf21 = 

network quantum percolation model. This is shown in figure 4 where ow experimental (Ilz 

has been scaled down by a factor of just over two so that its height is exactly 0.5e2/h 
and then fitted to the numerical results [E], assuming p = 3/7,  via a single parameter 
c which determines the horizontal position of the curve. The same calculations were also 
successfully fitted [15] to data for the sxy = 3 ct 2 transition indicating that both quantum 
Hall-quantum Hall and quantum Hall-insulator transitions are in the same universality class 

For B c B&, the scaling is worse, perhaps because of the overlap between the peaks, 
and the calculations do not fit the data. The approximate scaling function obtained can be 
fitted to a simple activation law for uxx > 0.7ez/h while for uxI e 0.6e2/ h our VRH fit is 
good, yielding a best exponent of close to 0.33. This lends credence to the VRH approach to 
the temperature dependence of the peak width adopted in [12] but the prediction p = 0.42 
requires EfrosShklovskii rather than Mott VRH. On the other hand, the value = 0.42 
from scaling arguments is independent of the precise functional dependence of ax, on z. 

1211. 

Figure 5. Conductance versus magnetic field for a Corbino 
device 31 full illumination (iii) and at hvo inlermediate 
stages (i) and (ii). The weak f a r e s  (?) at low fields 
are accentuated in a numerical derivative (lower graph) of 
curve (iii). 
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Finally, it is interesting to see whether more of the left-hand side of the phase diagram 
can be observed, for example the sXy = I f) 2 transition. One problem is that, as the 
disorder is reduced, a sample of practicable size may become weakly localized at B = 0 
before the sxy = 2 phase is reached. To check whether this is the case we used ungated 
Corbino devices made from the same material and reduced the disorder via progressive 
illumination utilizing the persistent photoconductivity effect. Results on discs of inner and 
outer radii of 480 and 760 pm, respectively, show metallic behaviour at B = 0 before the 
N = 2 s d ~  oscillation is visible. Surprisingly, however, close to full illumination, even 
though uz,(0) >> e2/h ,  there are very weak feahlres in ux,(B) at 50 mK (figure 5, curve 
(iii)) which might correspond to delocalization transitions. The first three SdH peaks are seen 
at B = 18, 9 and 6 T but the fourth is not visible at 4.5 T. Two extra features (enhanced in 
the figure via a numerical derivative) occur at lower fields of 1.5 and 2.5 T. Since U,, cannot 
be measured on these devices, we cannot use the quantization of the Hall conductivity to 
identify these as phase transitions, nor do we have a great enough experimental range to 
verify that these peaks shift in the opposite direction to the SdH peaks as the disorder is 
varied. What we do observe after successive illuminations (curves (i) and (ii))) is that the 
uxy = 0 + 1 peak shifts to lower fields and is lost in the metallic background before the 
N = 2 SdH peak appears. The N = 3 SdH oscillation emerges next at about the same stage 
as the two weak low-field features. If we speculate that the new features do mark quantum 
Hall delocalization transitions, then the associated divergences of localization length will not 
much affect transport in the weakly localized regime, and transitions other than sxy = 0 1 
will be very difficult to observe clearly. 

In conclusion we have observed an insulator-quantum Hall-insulator transition by 
applying a perpendicular magnetic field to a highly disordered 2DEC and have mapped 
out part of the phase diagram using a Schottky gate to vary the disorder. In the quantum 
Hall liquid state, apart from the critical regions, we have found Mott VRH. The localization 
length diverges as the transitions are approached and here we observe single-parameter 
scaling: = ump(B - B*)T-”, where p = 3/7. The form of o; , (B,  T) above the 
high-field transition is well described by recent calculations. 
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